We investigate the spin Hall effect (SHE) of electrons described by the Dirac equation, which is used as an effective model near the L-points in bismuth. By considering short-range nonmagnetic impurities, we calculate the extrinsic as well as intrinsic contributions on an equal footing. The vertex corrections are taken into account within the ladder type and the so-called skew-scattering type. The intrinsic SHE which we obtain is consistent with that of Fuseya et al.
if η 0.3, where u is the strength of the impurity potential.
II. MODEL AND GREEN FUNCTIONS
Following Ref. [15] , we consider the effective (isotropic) Dirac Hamiltonian,
where ±v is the velocity of the Dirac electrons, σ = (σ x , σ y , σ z ) are the Pauli matrices in spin space, and ρ i , i = 1, 2, 3 are the Pauli matrices in particle-hole space. We also use ρ 0 and σ 0 as the unit matrices when we emphasize them. The eigen energies of this Hamiltonian are given by ±ε k = ± √ 2 v 2 k 2 + ∆ 2 .
is the velocity operator, and the velocity of the spin current with spin component α is given by
where [A, B] + = AB + BA, and µ s = −(g * µ B /2)ρ 3 σ is the spin magnetic moment with g * = 2mv 2 /∆ being the effective g-factor and µ B the Bohr magneton. To be precise, u α s represents the velocity of the spin-magnetic-moment current, but we call it that of the spin current in this paper. Hereafter, we put = 1.
It is not obvious how the impurity potential is expressed in the basis of the Dirac Hamiltonian as will be commented in the end of this paper. For the present, we assume that it is proportional to a unit matrix, 5) and treat it within the Born approximation for the self energy. (The justification of this approximation will be commented later in this section.) Here, N i is the number of the impurities, u is the strength of the impurity potential, and R j is the position of the j-th impurity. By taking the average on the positions of the impurities [18, 19] , the retarded self energy is given by 6) where n i = N i /Ω with Ω being the volume of the system, and the bare Green function is defined by G
where ν( ) is the density of states (DOS),
with Θ(x) being the Heaviside step function,
From these, the retarded Green function including the self energy is obtained as
where
We dropped the real part of the self energy since they are just O(n i ) and can be absorbed into µ and ∆.
To include skew scattering in the above formalism, we first consider the self-consistent T -matrix approximation, and then restrict to the case n i 1 and πuν(µ) 1. Then, the self energy reduces to the one in the Born approximation [Eq. (2.6)].
III. CALCULATION OF SPIN HALL CONDUCTIVITY
Now we calculate the spin Hall conductivity σ z s,yx . According to the Kubo formula, σ z s,yx is calculated from the ω-linear term of the correlation function between the spin current and electric current, where ω is the frequency of the applied electric field. In this paper, we assume that the impurities are dilute and evaluate the spin Hall conductivity in the leading order of n i . After a straightforward calculation, we obtain
is the bare bubble contribution from the states near the Fermi level, K VC surf is the vertex correction to be considered later, and
is the bare bubble contribution from the states below the Fermi level. Here, f ( ) = (e /k B T + 1) −1 .
It is convenient to first look at the following quantities,
where U( ) and V( ) are O(n 0 i )-and O(n i )-terms, respectively, given by
In carrying out the k-integrals in Eqs. (3.5) and (3.7), we expressed as
and used the following approximations,
Here, by assuming small
by the δ-function in the first line, and dropped γ 2 0 and γ 2 3 in the second line. Using Eq. (3.4b), we obtain
where f FD ( ) = (e ( −µ)/k B T + 1) −1 is the Fermi-Dirac distribution function.
Next, we calculate K sea . We can put n i → 0 since it has no singularities. This means that K sea (n i → 0)
contains an intrinsic contribution only. Hence, we write K
Integrating by parts and using
, and sgn(D ) = sgn( ), then we obtain
We see that K 
Λ 2,x = Λ 2,x − ρ 2 σ x is VC, and Λ * 1,x is defined by interchanging R and A in Eq. (3.16). Using Eqs. (3.4a) and (3.4b), these VCs up to O(n i ) are calculated as
where U = U( + µ), V = V( + µ), and
Hence, the VCs up to O(n i ) are evaluated as
Similarly, by interchanging R and A in Eqs. (3.4), we obtain Λ * 1,x and Λ * 2,x up to O(n i ) as 
It should be noted that K b+ld
is simply expressed as
and from Eqs. (3.11) and (3.24), the effect of side-jump is contained in the factor 25) which has a value between 1 ≤ β( ) ≤ 9/2 for ∆ ≤ | | ≤ ∞.
IV. RESULTS AND DISCUSSION
We summarize the analytic results of the spin Hall conductivity at T = 0,
with the dimensionless spin Hall conductivities,
where σ 0 s = eg * ∆/4π 2 v = mev/2π 2 is the unit of the spin Hall conductivity,μ = µ/∆ is the chemical potential divided by the gap,ν(x) = (2π 2 v 3 /∆ 2 )ν( ) with x = /∆ is the dimensionless DOS [Eq. (2.9)], andν =ν(μ) is that at the Fermi level. Here,σ b+ld is contributed from the Fermi-surface term of the bare bubble and the ladder type VC,σ sk is a contribution due to the skew scattering, andσ (int) sea is the intrinsic contribution from the Fermi-sea term.
We now verify that the intrinsic contributions of our results are consistent with those of Fuseya et al. [15] .
Since we have integrated by parts using Eq. (3.12),σ (int) sea seems to be different from K II syx of Ref. [15] [Eq. (10) in Ref. [15] ], butσ (int) sea is further calculated as
where we have introduced the energy cut-off,Ẽ c = E c /∆e such thatẼ c 1, following Ref. [15] . The Fermisurface term of the intrinsic contribution calculated by Fuseya et al. [15] can be obtained by dropping γ 3 ( ) in Eq. (3.8) and combining with Eq. (3.11), which reads
In this case, the spin Hall conductivity consists of the contribution just from the states below the Fermi level, 5) and there are no Fermi-surface contributions involving (−∂ f FD /∂ ). This feature is shared by the intrinsic anomalous Hall effect (AHE) due to SOC, which can be described by the Berry phase in momentum space. are expressed as the -integrals of the DOS divided by 3 , and these are finite even in the band gap ( Fig. 1   (b) ). We find that as the extrinsic contributions are taken into account, the total spin Hall conductivity increases, and the extrinsic contributions dominate the intrinsic ones, when the chemical potential is in the band (Fig. 1 (c) ). Note that when |μ| 1, the spin Hall conductivity with the ladder type VCs is expressed asσ b+ld +σ (int) sea 9 + log(Ẽ c /|μ|), and thus it changes non-monotonically as seen in the inset of Fig. 1 (c) .
This non-monotonic behavior is because of the damping constants, γ 0 and γ 3 , also proportional to the DOS, ν ∝μ 2 for |μ| 1 [22] .
In Fig. 2 , theμ-dependence of the total spin Hall conductivity is plotted for values of η = n i u/∆, in [24] show that the spin Hall angle is not so large as that in platinum, even though the SOC of bismuth is twice as large as that of platinum. The authors of Ref. [24] discussed that this discrepancy may arise from extrinsic mechanisms. The total spin Hall conductivity forμ 4.5 [27] is almost zero when η = 0.3 (Fig. 2) . Our results suggest theoretically the importance of the skew-scattering contribution.
However, it would be premature to conclude from this that the extrinsic contribution is dominant in realistic situations. In our calculation, we have assumed that the impurity potential is proportional to ρ 0 for simplicity. A different type of the impurity potential ∝ (ρ 0 + ρ 1 ) was proposed [28] based on the k · p theory. In this case, ρ 3 -component of the self-energy [Eq. (2.8)] does not exist, and as a result, the skew-scattering contribution is always zero. Moreover, there are holes near the T -point, which will also contribute to SHE.
For a more accurate comparison to the experiments, these issues may also deserve further investigation.
The spin Hall conductivity including the skew-scattering contribution is not simply an even or odd function of µ, as seen in Fig. 2 . It is true that the Dirac Hamiltonian (2.1) is invariant under the particlehole transformation (ψ → ρ 1 σ y ψ * where ψ is a Dirac spinor), but the impurity potential (2.5) changes sign and breaks the particle-hole symmetry (so does the chemical potential term). The particle-hole symmetry of the Dirac Hamiltonian (2.1) manifests itself in a way that any physical quantity is invariant under the simultaneous transformation, µ → −µ and u → −u. Hence,σ b+ld andσ sea , which are even functions of u, are even functions of µ, andσ sk , which is an odd function of u, is an odd function of µ.
In contrast to the 2D Rashba system, where the spin Hall conductivity vanishes as mentioned in Sec. I, we obtain the finite result even when the VCs are included. This difference may be understood from the fact that the spin-current operator in 2D Rashba system is proportional to the time derivative of the spin operator and the expectation value of the time derivative vanishes in a stationary state [20, 21] while the spin velocity of the present Dirac electron system [Eq. (2.4)] cannot be expressed using such derivatives.
Finally, we remark about the physical picture of skew scattering. In general, skew scattering arises when the electron is scattered differently depending on its spin. This picture does not apply to the present Dirac electron system since there are no spin-dependent scatterings, as seen in Eq. (2.7). We can see that the Dirac electron is scattered by the impurity potential differently depending on its band (or orbital).
In conclusion, we have calculated the intrinsic and extrinsic contributions to the spin Hall conductivity on an equal footing, for the (effective) Dirac electron system. We assumed the δ-function type impurity potential and treated it within the Born approximation for the self energy and within the ladder type and the skew-scattering type VCs for the spin Hall conductivity, respectively. We find that the skew-scattering contribution is proportional to ∆/n i u, and can be dominant over the intrinsic one when the system is metallic.
